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Abstract
We consider noncommutative N = 4 supersymmetric U(N) Yang-Mills theory. Using the N = 1
superfield formalism and the background field method we compute one-loop four point contribu-
tions to the effective action and compare the result with the field theory limit from open string
amplitudes in the presence of a constant B-field.
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String theory dynamics in the presence on a nonzero B-eld leads to the appearance of
noncommutative geometry, giving rise in the eld theory limit to noncommutative gauge
theories [1].
Field theories on a noncommutative spacetime can be formulated using standard eld
theoretical methods, trading the noncommutative property of the geometry with a defor-
mation of the multiplication rule between the elds. In practice one simply replaces the
ordinary product between the elds with the -product, which absorbs and contains the
non local nature of the noncommutative theory. In this framework one can proceed and
quantize the theory: the Feynman rules are modied by the appearance of exponential
factors at the vertices, but otherwise standard perturbation theory can be applied. Indeed
a lot of progress has been made in this direction [2, 3].
Supersymmetric versions of noncommutative eld theories have also been considered
and in particular their formulation in superspace has been presented [4]. In this letter we
address the issue of quantization and perturbation in a supereld-superspace approach.
The supersymmetric noncommutative theory is dened on standard superspace, while su-
perelds are multiplied via the -product. The -operation does not touch the fermionic
coordinates and simply introduces derivatives of superelds which are themselves super-
elds again. Therefore the quantization is performed in a standard manner. The only
modications are in the interaction terms which contain exponential factors from the
-product. One constructs supergraphs and performs the D-algebra in the loops with
no new rules as compared to the commutative case. Once this is done, one is left with
momentum integrals which are of the same kind as for bosonic noncommutative theories.
As an illustration of the general procedure outlined above, we study the quantization
of noncommutative N = 4 supersymmetric U(N) Yang-Mills theory in a N = 1 supereld
setting. We compute one-loop four point contributions to the eective action using the
background eld method. The result we obtain is in perfect agreement with the eld
theory limit from open string amplitudes in the presence of a constant B-eld [5].
Using the denition of the -product for superelds






∂yν φ1(x, θ, θ)φ2(y, θ, θ)jy=x (1)
the classical action for the noncommutative N = 4 supersymmetric Yang-Mills theory,

























d4x d2θ iijk i[j , k]
)∣∣∣∣ (2)
where the symbol j implies that the multiplication of superelds is performed as de-
ned in (1). In (2) the i with i = 1, 2, 3 denote three chiral superelds, while W α =
i D2(e−V DαeV ) is the gauge supereld strength. All the elds are Lie-algebra valued, e.g.
1
i = iaTa, and Ta are U(N) matrices in the adjoint representation. The -product in (1)
not only maintains explicit supersymmetry; it also preserves gauge invariance. In fact it
is easy to show that the action in (2) is invariant under nonlinear gauge transformations,
which are just the obvious generalization to the noncommutative case of the standard
ones [4, 6]
eV ! eiΛ¯  eV  e−iΛ
 ! eiΛ    e−iΛ  ! eiΛ¯    e−iΛ¯ (3)
with a gauge parameter  which is a chiral supereld.
Now we want to study one-loop corrections to the eective action. We perform the
quantization directly in superspace and take advantage of the background eld method
which greatly simplies the calculations. For ordinary commutative theory it has the
additional, main property of keeping explicit the gauge invariance of the result, at every
stage of the perturbative computation. For the noncommutative theory dened in (2) we
will nd that the one-loop eective action is still expressible in terms of eld strengths,
as the background eld method guarantees, but the -product is not maintained. This
result conrms what expected from one-loop string theory [5, 7].
The background eld quantization has been used eciently in perturbative calculations
for commutative SYM theory [8, 6, 9]. We briefly summarize the method and the results
in order to extend them to the noncommutative case.
The quantum-background splitting can be most easily formulated in terms of covariant
derivatives. To this end rst one rewrites the gauge Lagrangian as








rα = e−V2 Dα eV2 rα˙ = eV2 Dα˙ e−V2 (5)
Then one performs the splitting by rewriting them in terms of the quantum prepotential
V and background covariant derivatives
rα ! e−V2 rα eV2 rα˙ ! eV2 rα˙ e−V2 (6)
where now the covariant derivatives are expressed in terms of background connections,
i.e.
rα = Dα − iΓα rα˙ = Dα˙ − iΓα˙ ra = ∂a − iΓa (7)
The quantum gauge invariance is xed through the introduction of background covariantly
































rara is the background covariant d’Alembertian and Wα is the background eld
strength. Since we are interested in one-loop calculations we only need terms in the action
which are quadratic in the quantum elds. Thus the expression in (9) suces: from there
one can isolate a free kinetic term plus interactions with the background. Using the












− iWα(Dα − iΓα)− i Wα˙( Dα˙ − iΓα˙)
]
V (10)
The quantum vector elds have standard propagators and interactions with the back-
ground that one reads from (10).
The gauge-xing procedure requires the introduction of ghost elds [6]. We have two
Faddeev-Popov ghosts c and c0. Moreover, since we have chosen background-covariantly
chiral gauge-xing functions, we need a Nielsen-Kallosh ghost b. They are all background
covariantly chiral superelds, i.e. rα˙c = rα˙c0 = rα˙b = 0.
For N = 4 supersymmetric Yang-Mills we have in addition the three background
covariantly chiral matter supereld i ( see (2) ). In this case one-loop contributions
to the eective action with external vector elds can be easily computed [10, 6]. One
nds that for a diagram with an arbitrary number of external vector background lines,
the loops from the three chiral matter elds are exactly cancelled by the corresponding
loops from the three chiral ghosts which have opposite statistics. Only quantum vector
loops survive and they give the rst nonvanishing result at the level of the four-point
function. This is due to the fact that superspace Feynman rules require the presence of
two D’s and two D’s for a non zero loop contribution. From the action in (10) we have
interactions with the background elds at most linear in the D’s. Therefore at least four
vertices are needed. The calculation is straightforward and leads to a very simple result:




























(k + p1)2k2(k − p4)2(k + p1 + p2)2 (12)
3
In order to make contact with corresponding calculations in ordinary Yang-Mills theory,





































Now we want to repeat the computation for the noncommutative theory.
We go back to the N = 4 Yang-Mills action in (2). Since, as already emphasized, the
-product does not aect superspace properties, it is clear that the various steps of the
background eld quantization can be implemented even in this case. We can go all the
way to the action in (10) and there too we replace the ordinary multiplication between
superelds with the -operation. Following what we have done in the commutative exam-
ple, we consider terms in the eective action with external vector elds. At the one-loop
level again we nd that ghost contributions cancel matter supereld contributions and
one has to deal only with vector quantum loops. As before, for D-algebra reasons, the
two- and three-point functions are zero and the rst nonvanishing result is a loop with
four vertices. Thus we focus on this calculation.
We have to compute a box supergraph with Feynman rules that can be obtained di-
rectly from (10) with the appropriate -multiplication inserted. For any noncommutative
theory the quadratic part of the action is the same as in the commutative case. Thus we
have in momentum space the vector propagators given by
< V a(θ)V b(θ0) >= −g
2
p2
δabδ4(θ − θ0) (14)









and one needs two D’s and two D’s for a nonzero completion of the D-algebra in the loop.
As in (11) we always obtain two W’s and two W’s, a factor with four scalar propagators,
and in addition exponential factors from the -product at the vertices.
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More precisely, using the denition in (1), the three-point interactions can be written




















with momenta flowing into the vertex, k1 + k2 + k3 = 0 and ki  kj  (ki)µµν(kj)ν . In
order to obtain a box diagram we need a forth order term from the Wick expansion, with
two U ’s and two U ’s, i.e. 1
4(2g2)4
U2 U2. Every vertex, when inserted in the loop, gives
rise to an untwisted and a twisted term
U(k1, k2, k3) ! Va(k1) iWαb (k2)DαVc(k3)
[




−Tr(T cT bT a) e i2 (k1k2+k2k3+k1k3)
]
(17)
with the understanding that now the quantum lines have to be Wick contracted in the
order in which they appear. As in the commutative case, there are two possible ar-
rangements of the vertices in the loop, i.e. U(1)U(2) U(3) U(4) with multiplicity two, and
U(1) U(2)U(3) U(4) with multiplicity one.
The D-algebra is trivial and it gives DαDβ Dα˙ Dβ˙ ! CβαCβ˙α˙ and Dα Dα˙Dβ Dβ˙ !
−CβαCβ˙α˙ respectively for the two arrangements of the vertices. We obtain a result that




Uα Uα U α˙ Uα˙ − 1
2
Uα U α˙ Uα Uα˙
]
(18)
where we have dened ( see (17) )
Uα(k1, k2, k3)  UαP (k1, k2, k3) + UαT (k1, k2, k3)  Va(k1) iWαb (k2)Vc(k3)
[
Tr(T aT bT c) e−
i
2
(k1k2+k2k3+k1k3) − Tr(T cT bT a) e i2 (k1k2+k2k3+k1k3)
]
(19)
The V quantum lines must be contracted in the consecutive order as they appear in (18).
Substituting (19) in (18), we obtain the sum of sixteen terms: two of them, i.e. the ones
which contain all untwisted P and all twisted T vertices correspond to planar diagrams.
All the others, i.e. the ones with two P and two T vertices (a total of six), the ones with
one P and three T ’s (a total of four) and the ones with one T and three P ’s (a total
of four), correspond to nonplanar graphs. Now we analyze these contributions in some
detail.
As anticipated above, the planar diagrams correspond to terms from (18) which contain
either four untwisted vertices UP or four twisted vertices UT . For the U(N) gauge matrices
5
we use the relation T aijT
a




































with G0 dened in (12). Comparing (20) with the result in the commutative theory we
nd that the only dierence is given by the exponential factors which depend on  and on
the external momenta [2]. In fact the exponentials are such to reconstruct the -product














pi) G0(p1 . . . p4)
(
Wα(p1) Wα(p2)  Wα˙(p3)  Wα˙(p4) + Wα˙(p4)  Wα˙(p3) Wα(p2) Wα(p1)
−1
2
Wα(p1)  Wα˙(p2) Wα(p3)  Wα˙(p4)− 1
2
Wα˙(p4) Wα(p3)  Wα˙(p2) Wα(p1)
)
(21)
Making use of the relation in (13) with appropriate -products implemented, we can
obtain the bosonic expression corresponding to (21). Now we turn to the study of the
nonplanar supergraphs.
The various nonplanar diagrams can be collected in two distinct groups. There are
graphs in which two vertices are twisted. In this rst class the U(N) matrices produce
a factor like Tr(T pT q)Tr(T rT s). Then there are the graphs in which one (or equivalently
three) of the four vertices are twisted. For them the trace on the gauge matrices factorizes
as Tr(T p)Tr(T qT rT s). In both cases the phases from the -product at the vertices will
contain a dependence on the loop momentum.
We illustrate the procedure considering nonplanar graphs in the rst group, from a
structure of the vertices like PPTT . Looking at (18) we nd that these contributions
come from
UαP UPα U α˙T UT α˙ −
1
2
UαP U α˙P UTα UT α˙ (22)
With the external momenta in the order p1, p2, p3, p4, the exponentials from the -

















































We introduce a mass IR regulator, in order to avoid divergences which would arise in
the zero limit of the external pi momenta, and we perform the loop integration using






















































where we have dened
p  p  pµ2µνpν (26)
and
α = α1 + α2 + α3 + α4 (27)
Introducing new integration variables
λ = α = α1 + α2 + α3 + α4 ξi =
αi
α





















This result reproduces exactly the eld theory limit obtained from string amplitudes in
the presence of a nonzero B eld [5, 11]. In the low energy approximation pi  pj small,


















































































where K2 is the modied Bessel function. The corresponding bosonic expression is ob-
tained immediately using (13). The contributions from all the other nonplanar super-
graphs can be written in straightforward manner. A more detailed presentation and a
complete analysis will be given elsewhere.
The low-energy eective action contribution in (30) cannot be rewritten, as it was the
case for the planar diagrams, in terms of -products of eld strengths. Moreover gauge
invariance under the transformations in (3) is not maintained. On the other hand we are
reassured that nothing went wrong in the quantization procedure, since our perturbative
eld theory result is in complete agreement with the eld theory limit from one-loop
four-point scattering on D3-branes as computed in [5, 7]. It would be interesting to see if
one can implement gauge invariant operators perturbatively, using techniques suggested
8
in [12, 13]. In any event it appears that nonlocality, which is an intrinsic property of
the noncommutative theory, might require a modied and deeper understanding of the
concept of gauge invariance.
Acknowledgements
This work has been partially supported by INFN, MURST and the European Commission




[1] A. Connes, M.R. Douglas, A. Schwarz, JHEP 02 (1998) 003, hep-th/9711162
M.R. Douglas, C. Hull, JHEP 02 (1998) 008, hep-th/9711165
N. Seiberg, E. Witten, JHEP 09 (1999) 032, hep-th/9908142
N. Seiberg, L. Susskind, N. Toumbas, JHEP 06 (2000) 021, hep-th/000540
R. Gopakumar, J. Maldacena, S. Minwalla, A. Strominger, JHEP 06 (2000) 036,
hep-th/0005048
R. Gopakumar,S. Minwalla, N. Seiberg, A. Strominger, JHEP 08 (2000) 008, hep-
th/0006062
E. Bergshoe, D.S. Berman, J.P. van der Schaar, P. Sundell, hep-th/0006112
[2] T. Filk, Phys. Lett. B376(1996) 53
[3] S. Minwalla, M. Van Raamsdonk, N. Seiberg, hep-th/9912072
A. Matusis, L. Susskind, N. Toumbas,hep-th/0002075
M. Van Raamsdonk, N. Seiberg, JHEP 03 (2000) 035, hep-th/0002186
I. Chepelev, R. Roiban, JHEP 05 (2000) 037, hep-th/9911098; hep-th/0008090
[4] C. Chu, F. Zamora, JHEP 02 (2000) 020, hep-th/9912153
S. Ferrara, M.A. Lledo’, JHEP 05 (2000) 008, hep-th/0002084
S. Terashima, Phys.Lett. B482 (2000) 276, hep-th/002119
N. Grandi, R.L. Pakman, F.A. Schaposnik, hep-th/0004104
[5] H. Liu, J. Michelson, hep-th/0008205
[6] S.J. Gates, M.T. Grisaru, M. Rocek, W. Siegel, "Superspace" (Benjamin-Cummings,
Reading, MA, 1983)
[7] M.R. Garousi, Nucl.Phys. B 579 (2000) 209, hep-th/9909214
[8] M.T. Grisaru, W. Siegel, Nucl. Phys. B201 (1982) 292
[9] M.T. Grisaru, D. Zanon, Nucl. Phys B252 (1985) 578
[10] M.T. Grisaru, W. Siegel, Phys. Lett. 110B (1982) 49
[11] O. Andreev, H. Dorn, Nucl. Phys. B583 (2000) 145, hep-th/0003113
A. Bilal, C.-S. Chu, R. Russo, Nucl. Phys. B582 (2000) 65, hep-th/0003180
C.-S. Chu, R. Russo, S. Sciuto, hep-th/0004183
[12] D.J. Gross, A. Hashimoto, N. Itzhaki, hep-th/0008075
[13] N. Ishibashi, S. Iso, H. Kawai, Y. Kitazwa, Nucl. Phys. B573 (2000) 573, hep-
th/9910004
10
